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Let R(t) be the number of conjugacy classes of elements in SL(2,X) with trace 
t, and let @(n) be the number of equivalence classes of binary quadratic forms with 
discriminant n. Then for t # k2, H(t) = h(t* - 4). For all real 0 > 0 there is a T(0) 
such that whenever 1 tj > T(e), R(t) > 1 tl’-‘. There is a c > 0 such that for those t 
such that tZ - 4 is squarefree, B(t) < c 1 tl. 
Let us begin by recalling some basic facts about matrices, ideals, and 
forms: Let % be the ring of integers and let J be the ring of 2 x 2 matrices 
(p j) with a, b, c, and d from %. The multiplicative units of A? are the 
matrices of determinant f 1, and of course they form a group GL(2,Z) 
under matrix multiplication. X(2,%) is the subgroup of GL(2,Z) 
consisting of all matrices of determinant 1. Two elements A4 and N .of A are 
in the same similarity class just in case there is a member U of GL(2,S) 
such that UMU- ’ = N. M and N are in the same conjrigucy class iff they are 
both in SL(2,8) and UMU-’ = N for some U also in SL(2,X). Let H(t) be 
the number of similarity classes of elements in SL(2,Z) with a fixed trace t, 
and let H(t) be the number of conjugacy classes of elements in SL(2,d) 
with a fixed trace t. 
Let g be a squarefree element of B and let 2 be the field of rationals. Two 
ideals, I and .I, of the ring R, of integral elements of 9(g1”) are in the same 
ideal elms just in case there are nonzero elements a and b of R, such that 
al = bJ. Let h(g) be the number of ideal classes of R,. The theorem of 
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Latimer and MacDuffee [4, p. 52) shows that H(t) = h(t2 - 4) for those odd 
t in P such that t* - 4 is squarefree. 
Let k, E, 1, t m, r?i, and n be elements of -Z with n not a square. Two 
binary quadratic forms kx* + lxy + my* and LX* t i&j t fiy* with 
discriminant n = 1’ - 4km = ? - 4& are in the same equivalence class just 
in case there are elements a, j3, y, and 6 of S such that ad - $ = 1 and 
&’ t tiy t tiy* can be obtained from kx* t lxy t my* by the substitutions 
x = a.f + /?y and y = yZ + Sy. Let h(n) be the number of equivalence classes 
of binary quadratic forms with discriminant n. 
The connection between h and i is well known to be 
and 
m = h(g) for g < 0, 
m = h(g) for g>O andN(a)=-1, 
b) = WY) for g>O andN(e)=tl. 
Here g is a squarefree element of B and N(E) is the norm of the fundamental 
unit E of R,. The fundamental unit is a generator lager than 1 for the set of 
positive units of R,. 
Among the results contained in the paper, the reader will find: 
I. For all t # k2, n(t) = &(12 - 4). 
II. For all t and all real 8 > 0, A(t) > ( t 1’ -’ when 1 t ) > 7’(B). 
III. There is a c > 0 such that for those t such that t* - 4 is squarefree, 
H(t)<cltl. 
The crux of the proof of I is the association of each matrix (t i) in 
,%(2,X) with the binary quadratic form bx* + (d - a) xy - cy*. Note that if 
a t d = t, then the discriminant of the form is (d-a)’ t 4bc = 
t2 - 4(ad - bc) = t* - 4. 
PROPOSITION. If two matrices with trace t # f2 in SL(2,8) are in the 
same conjugacy class, then their associated binary quadratic forms are in the 
same equivalence class. 
ProoJ Let M = (,” i), N 7 (F ‘f ), and U = (F i) be in SL(2, S) with 
UMU- ’ = N. Then 
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and 
p = aa8 - bay + cpS - d/3y, 
q = -aa/? + ba2 - c/3’ + dap, 
r = a$ - by2 + 03’ - d$, 
s = -aby + bay - $6 + da&. 
Also notice that when x = af + yj and y = @ + Sy is substituted into bx2 + 
(d - a) xy - cy ‘, the form (-aa + ba2 - c/3’ + da&f’ + [(-a/?y + bay - 
~$6 + da@ - (aa& - bay + cpS - d/3y)] 29 - (ay6 - by2 - dyS)y’ = qZ2 + 
(s - p) 29 - t-j2 is obtained. 
Remark. The proof above shows that if M and N are in the same 
conjugacy class, then q and --I are both represented by the form associated 
with M, i.e., there must be integral solutions for 
and 
q=bx’+(d-a)xy-cy’, 
-r=bX’+ (d-a)@-cj2. 
This gives a criterion which can at times be easily applied to show that two 
elements of X(2,%) are not in the same conjugacy class. 
EXAMPLE. ( : & ) and ( i ,rO ) are in different conjugacy classes because 
3 must divide any integer representable by 3x2 + 9xy - 3.1”. 
Conversely, let n = t2 - 4, with t # &2. Associate the matrix 
( 
(t - 1)/2 k 
-m (t + o/2 ) 
with the binary form kx2 + Ixy + my2 which is taken to have discriminant n. 
The determinant of this matrix is (t2 - 1’)/4 + km, which equals 1 because 
t2-4=i2-4km. 
PROPOSITION. If two binary quadratic forms with discriminant n = t2 - 4 
(t # *2) are in the same equivalence class, then their associated matrices are 
in the same conjugacy class. 
Proof: Suppose b2 + i$ + fiy2 can be obtained from kx2 + lxy + my2 
by the substitutions x = a2 + /?jj and y = y2 + 67 where a6 - /3y = 1. Then 
kc = ka2 + lay + my’, 
r= 2kap + l@y + ad) + 2myS, 
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and 
r?i = k/3’ + 1pS + ma2. 
Now compute 
t - (2ka/3 + l(ad + Py) + 2m$] 
2 
ka’ t lay t my2 
-(k/l2 t I/?6 t ma2 t t [2ka/3 t l@y t ad) t 2myS] 
2 
= (t -ij/2 IF 
( --rii ) (ttip2 * 
THEOREM 1. For all t # 12, n(t) = k(t2 t 4). 
Remark. For t = f2, I?(t) = 00. No two matrices of the form (A y ) are 
in the same conjugacy class. 
LEMMA. If t2 - 4 is squarefree and t > 3, then E = [t + (t’ - 4)“‘]/2 is 
the fundamental unit of 9((t* - 4)‘12). 
Proof. Suppose that E = [t, + u(t* - 4)“‘]/2 is the fundamental unit for 
L?((t* - 4)“‘) but that E # [t t (t2 + 4)“‘]/2. Then for some n > 2, 
&n = t -I- (t2 - 4)“2 
2 
and 
t, + u(t2 - 4)“2 
2 
* < t + (t2 - 4)“2 
\ 2 * 
Hence for t > 2, 
2t,u(t2 - 4)“2 t; t (t2 - 
< 
4)u2 + 2t,u(t2 - 4)“2 t + (t* - 4)“2 
4 4 < \ 2 
< t, 
so that t,u < 2t/(t2 - 4) ‘I*. Since [t, + u(t2 - 4)““]/2 is the fundamental 
unit, t,’ - ~*(t* - 4) = 4 and t, > (t2 - 4)“*u. Thus (t’ - 4)W < 
t,u < 2t/(t* - 4)“’ and t* - 4 < 2t, which is false for t > 5. 
THEOREM II. For all real 8 > 0 there is a T(B) such that whenever 
ItI > T(e), R(t) > Itp. 
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Proof. Dirichlet’s classical formula for number of ideal classes of a real 
quadratic field _2(di”) is 
h(d)log&=d”* 2 - ‘. 
(9 n=, n n 
Here E is the fundamental unit of 2(d”*), d is squarefree, d E 1 (mod 4), and 
(d/n) is the Kronecker symbol. Siegel’s theorem [l] gives the existence of a 
d,,(B) such that for d > d,,(8), 
It then follows from the lemma that 
L?(t)=E(t2-4)>h(t2-4) > 1ty 
for 1 t ] larger than some T(B). 
THEOREM III. There is a c > 0 such that for those t such that t2 - 4 is 
squarefree, B(t) < c 1 t I. 
Proof: Use Dirichlet’s formula, the lemma, and the fact that 
., f ; < ‘odd) +@(I) 121 c() 
to obtain the theorem. 
Remark. Assuming the extended Riemann hypothesis, R(t) = 
a(] t ] log log ] t ]/log ( t I), provided t* - 4 is squarefree; so Z?(t) = B(t). This 
can be obtained by using Dirichlet’s formula, the lemma, and Littlewood’s 
theorem [3], which assumes the extended Riemann hypothesis, 
[The extended Riemann hypothesis is the statement that for d # t2 the series 
(s = u + it) 
has no zeroes in the strip 0 < u < 1 except when c = 4.1 
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